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Introduction

always
assumed

v

M: closed oriented connected n-manifold (n > 3) «

> g: Riemannian metric on M

v

sg: M — R: scalar curvature

v

lg] = {ug|u: M — RT}, conformal class of ¢

v

C(M): the space of conformal classes

Yamabe invariant

d
Y(M)= sup inf 7fM th_Q'uh
[glec(m) held] /A

i

where dyy, is the volume form of h, and Vj, = [}, dpup,.
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In general, it is difficult to compute the exact values of the
Yamabe invariants.

Theorem([LeBrun,'96,"99])
Let M be a compact minimal Kihler surface, b, > 2, ¢2(M) > 0.

Then
V(M) = —4V2my/3(M).

» The proof uses the Seiberg-Witten equations.
A key point is the nontriviality of the SW invariant.

- Note c}(M) = 2x(M) + 37(M). x: Euler, 7: signature
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Main theorem

Theorem 1 (Ishida-Matsuo-N.,'14)

Let M be a compact minimal Kahler surface, b > 2, C%(M) > 0.
Let Z = Z1# - - - # 7} such that

Z;=52x% o S'xY3® or N
with g(2) > 0, Y(N) >0, b (N) = 0. (Ex. N =CP?)

Then  V(M#Z) = V(M) = —4v/2x/E(M).

» The proof uses the Pin™ (2)-monopole equations.
(Cf. SW equations = U(1)-monopole equations)

» If37; =52 x Y or St x Y stb(Y)>1 (b (Z)>1)
= SW inv. SWYM (M #2) = 0.
But Pin™ (2)-monopole inv. SWX"™@)(M#2) £ 0.
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Yamabe invariants
Reference
[K. Akutagawa] Yamabe invariants, Sugaku, 66-1(2014), 31-60.
» M: closed oriented connected n-manifold (n > 3)

» M(M) = the space of Riemannian metrics on M.

(Normalized) Einstein-Hilbert functional

[ Sgdi

‘/gn

» Critical points of E are Einstein metrics.

» infy F(g) = —oo, sup, E(g) = +oo.
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Yamabe constant

» [Fact] For any conformal class [g], E|jy is bounded below.

Yamabe constant  Y(M, [g]) = inf¢c|y) E(h)

Theorem (Yamabe, Trudinger, Aubin, Schoen,. . .)

Vcompact manifold M, Vconformal class [g], 3ho € [g] s.t.
E(ho) = inf E(h) = Y/(M,|g)).

helg]

» h is called the Yamabe metric. Then

2

sn=Y(M,[g])- V) ™ +— const.
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Yamabe invariant

» [Fact] A critical of E' (which is Einstein) is a saddle point.
— Try min-max!

Definition (O. Kobayashi, Schoen, around '85)

Y(M)= sup Y(M,[g])= sup <inf E(h))
lglec(M) [glec(M) \h€ld]

» If C € C(M) attains the sup, and V(M) <0,
= the Yamabe metric of C' is Einstein.

» But the sup is not necessarily attained in general.
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Properties

v

Aubin’s inequality YM™, Y(M) < Y(S™) = Y(S™, [ho]).
V(M) is a diffeomorphism invariant.

v

v

n =3 = Y(M) is a topological invariant.

n >4 = Y(M) depends on differential structures.
Ex. » Y(CP2#9CP ) >0

» )(Dolgachev surface) = 0

» CP? #9@2 =~ (Dolgachev surface).

homeo

v

» V(M) >0 < M admits a positive scalar curvature (PSC)
metric.

- If Y(M) > 0 = the ordinary & stable cohomotopy SW and
Pin™ (2)-monopole invariants vanish.
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Yamabe invariants of 4-manifolds

- V(SY) = ¥ (S, [ho]) = 86
» [LeBrun,'96,'99]
For a compact minimal Kahler surface M, b, > 2, ¢3(M) > 0,

V(M) = Y(M#KCP’) = —4v/2m\/2(M).

» [LeBrun,'99]
For a compact Kahler surface M

YM)>0 < Kod(M)=-x
Y(M)=0 < Kod(M)=0,1
YM)<0 < Kod(M)=2
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» [Ishida-LeBrun, 03]
For compact Kahler surfaces M; (i = 1,2,3,4) s.t.
b1(M;) = 0 4+ some conditions,

V(#E M) = Y(#E MA#KCP) = —4+/27

The proof uses the stable cohomotopy SW.

» [Sasahira,’06]
Ml, MQ, M3 =K3or Eg X Eh (g,hZOdd)

V(#E M) = Y(#E Mi#kCP?) = —4/27

The proof uses the spin bordism SW.
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[Sung,’09]

» M: a compact Kahler s.t. Kod(M) >0
N: by (N)=0& Y(N) >0

V(M#N) = Y(M).
» M, N: as above.
Let C1 € M & Cy C N be circles s.t. [Co] # 0 in Hi(N;R).
Let n(C;) be the tubular nbd of C;.

Let M = (M \ n(Ch)) (N \ n(Cy)).

U
on(C1)=0n(C2)

The proof uses the (ordinary) SW.

Nobuhiro Nakamura Yamabe invariants and Pin ™~ (2)-monopole equations



[LeBrun, '97, Gursky-LeBrun, 98]
k=1,2,3, Vi,

V(CP?#1(S* x %)) = Y(CP?) = 12v2r < Y(S*) = 8V6rr
0 < V(kCP?#I(S" x §%)) < 4mv/2k + 16 < Y(S*)

Proof uses
» perturbed SW eqgns
» modified scalar curvature,
» conformal scaling trick,
» indDy >0= d® s.t. Dy® =0 & Weitzenbock formula
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Outline of the proof

Our main theorem, again.

Theorem 1 (Ishida-Matsuo-N.,'14)

Let M be a compact minimal Kahler surface, by > 2, C%(M) > 0.
Let Z = Z1# - - - # 7}, such that

Z;i=82x% or S'xY? o N
with g(2) > 0, Y(N) >0, by (N) = 0. (Ex. N = CP?)
Then V(M#Z) = V(M) = —4/271\/E(M).
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T = f d
)= inf [ s

Theorem
» [Kobayashi,'90][Besson-Curtois-Gallot, '91]

0 if Y(M)>0
ZS(M): no,
{D’(M)\? it V(M) <0

» [Kobayashi,'87]

Zs(M#N) < Zy(M) + Zs(N)
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L
For our M#Z = M#Z1# - # 25, if V(M#Z) < 0, then

(V(M#Z)* =L(M#Z13 - #21)
SIS(M) +IS(Z1) +eeet Is(Zk)

» T,(M) = 32rc3(M) by [LeBrun]
» 52 x ¥ admits a PSC metric = V(5% x ) > 0
= Z(S? x ©) = 0.
> Zi=S'xY or N = Y(Z;) >0 = I,(S" x N) = 0.

VM#2) <0 = |V M#2Z)|? =T,(M#2Z) < 32mc2 (M)

Now, to prove is
VIM#2Z)<0 & |V(M#2))? =T,(M#Z) > 32nci(M)
These are proved by using Pin™ (2)-monopole equations

Nobuhiro Nakamura Yamabe invariants and Pin ™~ (2)-monopole equations



Pin™ (2)-monopole equations

» Seiberg-Witten equations are defined on a Spin®-structure.
(U(1)-monopole equations)

Spin‘(4) = Spin(4) x (413 U(1)

» Pin~ (2)-monopole eqns are defined on a Spin“~-structure.

Spin“~ (4) = Spin(4) x 11} Pin™(2)
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I
Spin©- (4)

Pin~(2) = (U(1),4) = U(1) Uj U(1) € Sp(1) C H.

Two-to-one homomorphism Pin™(2) — O(2)

2z € U(1) C Pin™(2) = 2% € U(1) 2 SO(2) € O(2)

. 1 0
=l 5
Definition Spin“~(4) := Spin(4) X {11y Pin™(2)
» Spin“~(4)/Pin~(2) = Spin(4)/{+1} = SO(4)
» Spin“~(4)/Spin(4) = O(2)
» The id. compo. of Spin“ (4) = Spin(4) X413 U(1)

) = Spin©(4)
Spin“~ (4)/ Spin©(4) = {%1}.
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Spin“—-structures

» X: an oriented Riemannian 4-manifold.
— Fr(X): The SO(4)-frame bundle.

» X 3 X (nontrivial) double covering, ¢ := X X{+1} Z
[Furuta,08] A Spin®~-structure s on X — X is given by

» P: a Spin“~(4)-bundle over X,

» P/Spin°(4) = X

» P/Pin~(2) = Fr(X).

L e

» E = P/Spin(4) % X characteristic O(2)-bundle.
— (-coefficient Euler class ¢ (F) € H*(X; /).
H2(X;0) <% {O(2)-bundle E over X s.t. E/SO(2) = X} /iso.
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PA~JJ?=—
Spin©(4)

Spin€— (4) P/Spin“(4) = XA 2= id ¢
/

» P X defines a Spin®structure § on X
» J=[1,7] € Spin(4) x {41} Pin™(2) = Spin“~(4).

» Involution I on the spinor bundles S* of &:

Spin® ( )

S* = P Xgpine(a) He N [J,§] =t 1

= [?2=1 & I is antilinear.

= St = Si/I are the spinor bundles for the Spin“—-str. s
S* are not complex bundles.
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» Twisted Clifford multiplication
p: T*X @ (0 @ V—1R) — End(S*T @ S7)
» An O(2)-connection A on E + Levi-Civita = Dirac operator
Da:T(8T) = T(S7)
> Weitzenbock formula

F
DA% = V', Vad + 229 4 PEA)

P
4 2

Remark The pull-back of A to 7*E has a (canonical)
U(1)-reduction A on the determinant bundle of s.

Da= (D;)" : T(5H) = T(5+)]
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Pin™ (2)-monopole equations

Dd =0,
p(F{) = q(®),
where

» A: O(2)-connectionon E & ® € I'(S™)
» FI e Q" ({®v—1R)
> (@) = (®* @ ®) — 3|®|?id € End(ST)

Remark

Pin~ (2)-monopole on X = I-invariant Seiberg-Witten on X
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» Max. principle + Weitzenbock
= No solution with ® # 0 for a PSC metric.

> bl = dim Hy (X;0@R) > 2
= Pin™ (2 )—monopole invariant SW" ™™ (2) is defined.
- Roughly, SWP"™ () — s fsolutions with ® Z 0 } (mod 2)

Proposition 1~ SWFn" () £0 = Y(M) <0
<

(- SWFI () =£ g = No PSC metric < V(M) O )

» Let a € Q%(¢ ® /—1R) be the g-harmonic representative of

& (E).
» Decompose a into the g-self-dual & g-anti-self-dual parts:

a=ay +a_
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LeBrun's estimate
X

(".") The Weitzenbock formula.
IDA®|? = 2A|®? + 4|V D> + 54|®* + (F - D, D).
(A, ®) : a solution = 0 = 2A|®[* + 4|V D[ + s5,|®|* + |®|*
[iottan< [splepans (| IsgIZduf (/ ﬂ1>|4cm>é
[lssPau= [1ortdn=s [ 17} Pdp =32 @2

Corollary  SWFPn™(2) £ 0 = 7,(X) > 327202



Non-vanishing theorem [N., Ishida-Matsuo-N.]
3 Spin©—-structure on M#Z s.t.
> SWPin’(2) 7_é 0
> Vg (ay)? = cf(M)
where a is the g-self-dual part of the g-harmonic form a
representing ¢1(F).

From these, we obtain
VM#Z) <0 & |VIM#Z)|? =T,(M#2Z) > 32rci (M)

Theorem 1 is proved.
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On the Non-vanishing theorem

M: compact Kahler,
Z =21#-#Z, where Z; =S x Y or S' xY or N
st. g(X)>1,b4.(N)=0
Non-vanishing theorem
3 Spin©—-structure on M#Z s.t.
> SwPinf(Q) ié 0
> Vg (a1)? > ¢i(M)
where a is the g-self-dual part of the g-harmonic form a
representing ¢1(F).

If 37; = 52 x ¥ or St x Y with b1(Y) > 1
= SW & Donaldson inv. of M#Z are 0 (" by (M), by(Z) > 1.)
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In general,

[Fact]

If b4 (X), b4(Y) > 1,

=> all of Donaldson inv & ordinary SW inv of X#Y are 0.
However, if b4 (Y) = 0, ordinary SW can be nontrivial.

[Fintushel-Stern, Kotschick-Morgan-Taubes, Ozsbath-Szabo,
Froyshov]

> Y with by (Y) = 0.
» X: SWUYM(X) #£0
= SWUYM(X#Y) # 0.
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SW(X#Y') can be calculated via gluing of solutions.
For example, assume Y has a PSC metric.

> When@zO,SWeqn@FXzO

» by >0 = No solutionon Y = SW(X#Y) =0

» by =0 = No solution with ® # 0, but Jsolution with ® = 0.
= SW(X#Y) can be nonzero
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» Pin™ (2)-monopole theory = SW theory twisted along the
local coefficient ¢ associated with the Spin“—-structure.

» It can occur that b = dim Hy (X;£) =0, even if by # 0.
» For Z; = 5% x ¥ or S' x Y, 3Spin“—-structure s.t. bﬂ = 0.

= We can prove SWF™ @)(M#2) # 0.
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For future researches...

Problem Study X with Y(X) > 0 by Pin™ (2)-monopole.
Cf. [LeBrun, Gursky-LeBrun]
0 < Y(CP?) = Y(CP2 #m(S* x §)) = 12v/2r < Y(5%) = 867

WANTED
X: admitting a PSC metric & a loc. coeff. ¢ with b‘i =1,b" =0.
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