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o . Pin™ (2)-monopole invariants
Pin™ (2)-monopole equations — L
stable cohomotopy invariants

. . . Seiberg-Witten invariants
Cf. Seiberg-Witten equations

stable cohomotopy invariants
(U(1)-monopole) Py

[Bauer-Furuta]

Applications

» Exotic structures
» Adjunction inequalities

» Calculation of the Yamabe invariants
(j/w M. Ishida & S. Matsuo)
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Exotic structures

» (1) = CP2 #9CP"
» BE(n) =EQ)#s---#,E(1) FE(2)=K3

n

Theorem 4 (N.'15)

ForvneZ,n>1
3S,,: a set of co'ly many distinct smooth structures on E(n) s.t.
S2x%, (g>1)

for VZ .= Z1# - - #Z;, where Z; =
a4 {Slxy3 (b (V) > 1)

arbitrary number

Vo #£d' €8, = En), # En),

En),#Z 2 En)y#2

not diffeo.
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Remarks

v

For Vo & VZ, Donaldson & SW inv of E(n),#Z =0

If Z contains a component Z; = S? x Xy
= stable cohomotopy SW= 0

But Pin™ (2)-monopole inv of E(n),#Z # 0 for co’ly many o

v

v

v

[Wall] Vo # o', 3k

E(n)o#k(5% x 5?) d_f% E(n)y#k(S% x §?)
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More remarks

Fact 1
X1, Xo: closed oriented 4-manifolds with b4 (X1),b4(X2) > 1
= Donaldson & SW of X1#X, =0

Fact 2
W closed ori. 4-mfd with b, (W) =0 (e.g. CP’, QHS*, §' x S%)

Donaldson FX,£0 = Donaldson f X W £ 0
sw [T sw [0
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» Pin™(2)-monopole = SW twisted along a local system /.
» For Z in Theorem 1, 3¢ s.t. b5 (Z) = 0 « b in local coefficient

Theorem 5

SWFr (X #2) = SWYD(X;) mod 2
where
» SWPR(X,#Z)(e 2/2): Pin~ (2)-monopole invariant
> SWU(l)(Xl)(e 7): ordinary SW invariant

Later we will state Theorem 5 more precisely
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Calculation of Yamabe invariants

Theorem([LeBrun,’96,'99])
Let M be a compact minimal Kihler surface, by > 2, ¢3(M) > 0.

Then
V(M) = Y(M#KCP?) = —4/2m\/ 2(M).

» The proof uses the Seiberg-Witten equations.
- Note ¢3(M) = 2x(M) + 37(M). x: Euler, 7: signature
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Theorem (Ishida-Matsuo-N.,"14)

Let M be a compact minimal Kihler surface, by > 2, ¢3(M) > 0.
Let Z = Z1# - - - #Z}, such that

Zi=8*x% or S'xY® or N
with g(X) > 0, Y(N) >0, b (N) = 0. (Ex. N =CP?)

Then V(IM#Z) =Y (M) = —4y/271\/cF(M).

» The proof uses Pin™ (2)-monopole equations.
Especially, SWFn™ () (M4 2) 5 SWYMD (M) £ 0.
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The adjunction inequality

Theorem

» X: closed ori. Spin® 4-manifold with b4 > 2.
» L: the determinant line bundle

» > C X: connected embedded surface
st. [X] € Hy(X;7Z), [¥]-[2] > 0.

If SWUYM(X) # 0 or stable cohomotopy SWY(M (X)) #£ 0,

= —x(¥) =29 -2=[E]-[X] + | (D)[E]]-

» This is due to: [Kronheimer-Mrowka], [Fintushel-Stern],
[Morgan-Szabo-Taubes|, [Ozsvath-Szabo],
[Furuta-Kametani-Matsue-Minami]...
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I
Embedded surfaces representing a class in Ho(X; /)

» X — X: nontrivial double covering, £ = X X{+1} Z.

Consider a connected surface ¥ s.t.
> i: 3 — X: embedding
» (The orientation coefficient of ¥) = i*/¢

— JFundamental class [X] € Ha(3;i*0).
Let o := i, [X] € Ha(X;¥), where iy: Ha(X;i*0) — Ha(X;4).

Proposition
For Yav € Hy(X; ¢), there exists ¥ as above.

Remark

> 3 may be orientable or nonorientable.
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Theorem (N.)

» (X,¢,%) as above. Suppose bﬂ =dim H(X;/¢) > 2.
> Let [X] € Hyo(X;0).
Suppose [3] - [X] > 0, & [X] is not a torsion.
> s: Spin“-structure on ¢ — The associated O(2)-bundle £

SWP(X,5) £0 = —y(2) > [5] - [Z]+ [a(B) - [2]
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Recall:

» Seiberg-Witten equations are defined on a Spin®structure.

Spin(4) = Spin(4) x 413 U(1)

» Pin~(2)-monopole eqns are defined on a Spin“--structure.

Spin“~ (4) = Spin(4) X 41y Pin™(2)
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Spin“-structures

» X: an oriented Riemannian 4-manifold.
— Fr(X): The SO(4)-frame bundle.

» X 2 X double covering, £ := X X{+1} Z
[Furuta,08] A Spin‘~-structure s on X — X is given by

» P: a Spin“ (4)-bundle over X,

» P/ Spin‘(4)

» P/Pin~(2)

5X
S Fr(X).

» E = P/Spin(4) % X. characteristic O(2)-bundle.
— (-coefficient Euler class ¢ (E) € H?(X; /).
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» Consider a trivial double cover X = X U X — X.

» A Spin® -structure on X U X — X has a canonical reduction
to a Spin®-structure on X.

v

We call such a Spin®--structure untwisted.
» Spin“~ on nontrivial X is called twisted.
Often identify

v

an untwisted Spin“~ = its canonical reduction Spin®
Furthermore

Pin™(2)-monopole on an untwisted Spin“"

= U(1)-monopole on the canonical reduction Spin®
(ordinary SW)
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Theorem 5 (revisited)

X1: closed oriented 4-manifold with a Spin® structure 1
Suppose by (X1) > 2

Z = Z1# - # 7, where Z; = {

3Spin®- structure s’ on Z s.t.

S2x¥, (¢g>1)
SLx Y3 (by(Y)>1)

SWP (X 47, s1#6') = SWYD (X1, 1) mod 2
where
» SWPR(X,#Z)(e 2/2): Pin~ (2)-monopole invariant
» SWYW(X,)(e 7): ordinary SW invariant

Below we explain the proof of Theorem 5

Nobuhiro Nakamura Pin~ (2)-monopole theory Il



Monopole map

- For simplicity, we assume b{ = dim H;(X; /) = 0.

Fix a reference O(2)-connection A on E

v

p:T(ST) x QU ®iR) — T'(S7) x (Q7 @ Q") (¢ @ iR)
(av ¢) = (DA+G¢7 FX—}-a - Q(¢)’ d*a’)
wis {£1}-equivariant for twisted Spin“-
U(1)-equivariant for untwisted Spin®-
p~(ball) C ball

v

v

v

The moduli space

» M = p71(0)/{£1} (may be nonorientable)
» M = p71(0)/ U(1) (orientable, identified with
U(1)-monopole moduli)
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Finite dimensional approximation

» Decompose =D + Q as D: linear & Q: quadratic

> Fix A > 1.
eigenspaces of D*D
V) =Span .
eigenvalues < A
eigenspaces of DD*
Wy =Span )
eigenvalues < A

» pa: T(S7) x (9T @ Q) (¢ ®iR) — W), L*-projection

» Finite dim approx. ‘f =D+ p\Q: V) — WA‘

» fis {£1}(or U(1))-equivariant, proper
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fiRTTCQRY 5 R QRYYY o =indg Da, b=0b"(X)
(1} act R by multiplication
acts on
R trivially

N.B. R®: spinor part, R®: form part

f:C*T @ RY - C*@RYY’, a=indc Dy, b=0b(X)
C by multiplication
U(1) acts on .
R trivially

N.B. C°®: spinor part, R®: form part

[Fact] flio1erv is a linear inclusion
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» The “moduli spaces”

f—l(o) R:E-I-a DR

C
+1 +1
{71 ; ,{Jr ! 5 (0, ¢) is a quotient singularity
f (O) C*™ R (reducible)

U < U

» Suppose b > 1 = perturb f by v € Im (J‘]{O}@Ry)l >~ Rb
= (f +v)~1(0) contains no reducible
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» Assume transversality

(f+0)7'0) ~ R\ {0}) o R

MX) =" ¢ (1} o R
ey (fH)TH0) (€N {ohe R,
M(x) = U(1) U(1) o CF

» M(X) is a compact manifold

» Define

SWYn(X) = (a, [M(X)]2) € Z/2, o€ H*(RP*;Z/2)
SWYM(X) = (o, [M(X)]) € Z, € H*(CP*;Z)

[Remark] if b > 2 = SWF" & SWUW) are diffeomorphism inv.
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I
Connected sum X # X,

’ Untwisted cases‘ (oridinary SW)

> fxi#x, fxi, fx,: finite dim approx for X # X5, X7, X5

[Bauer]
le#Xz U(l%h.e. Sx1 X fx
r—1 r—1
Case 1. b4 (X1), b4 (X2) > 1 & dim fl?ii)o) - dim% =0

(fx, % fx,)"1(0)

(1) =1

= dim M (X;#X>) = dim

H(CP*) =0 S SWUYM (X #X5) =0
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Fx,(0)

Case 2. X2 = @2 (bl = U, b+ = ()) & dim
= f};(o) = {0} < only one reducible

=1

u)

T, 0 fxH0) x {0} f50)
um U U
- SWUW (x, #TP%) = SWYD (x;)
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’(Twisted # untwisted) case‘

Xl — X7 : nontrivial . ‘

- eg Xi#Xo = (S? x T?)#E(n)
Xo = XoU X9 — Xy : trivial
> fx,, fx,#x,: {£1}-equivariant
> fx,: U(l)-equivariant — also {£1}-equivariant

({1} CU)

Proposition

fxi#x, Ix X fx,

{ilrf-h.e.
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Ix,(0)

=g =0

Suppose bﬂ(Xl) =0 & dim

= fx10)= {0} U{twi}u---U{tu} (v #0)

reducible

irreducibles

—1

0
Pel 0= f510) =8 U Us!

Suppose b4 (X2) > 1 & dim )

irreducibles

<R' X C') \ {0} {0} x S!

> — nonzero in H;(RP*®)
{1} {1}
+ 1
D %g — null-homologous

= SWPI (X #X5) 5 SWYM (X5)
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Stable cohomotopy Pin™ (2)-monopole invariants

V=R*" T pRY = W =R* @RV [41)-equiv., proper
f q prop

vaPin(X) . [f+] c {SV,SW}{il} f ~ {SV/{jzl},SW}

ifa>1
o [RP“’H qu} — qpo-l-d(Rpe1)

where d = a — b = the dim of the moduli sp.

Z : even
a VAN Ha_l(RPa_l)

d=0| =" "I RP*!) =
Zo a: odd

1 deg (/1) = # (T ) = swrnn)
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’d =1, a even‘ 70 1=4RP ) = 7y, @ Zy

» By Atiyah-Hirzebruch spectral sequence, Jsurjective hom
o: T ImRPaY) L go-2(RPOY) = [ (RPT) 2 7,
(£ = SWFR(X)
> ker ¢ = Zs.
Theorem 3 (N."16)

K: K3, FE: Enrlques surface
For X = K#E#kCP (a=0b+1=06),

SW ™ (X) = [fx] #0, but ¢([fx]) = SWP"(X) = 0.
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Corollary
For X = K4#E#kCP",
» dexotic structures on X,

> the adjunction inequality holds,

» the Yamabe invariant of X is 0.
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